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The previous slide shows a stage, near criticality,
of a simulation of the Ising model for a rectangular
two dimensional lattice. The space is divided into

many domains of constant spin (the two colors that 
are indicated here).



 Our question is -- How is Khovanov 
Homology related to the physics of 

statistical mechanics?
and 

How may one formulate a quantum
algorithm to compute Khovanov 

Homology?

One clue is that the bracket state loops 
are the boundaries of regions of constant 

spin in a Potts model.



We will begin by recalling the quantum mechanical 
framework and how one can place the Jones polynomial

into this framework. This will provide a natural transition to
Khovanov homology, and let us get to

the questions about statistical mechanics models.

So the agenda is
Quantum Information

and 
Knots in Physics.











Quantum Mechanics in a Nutshell

1. (measurement free) Physical processes  
are modeled by unitary transformations

 applied to the state vector: |S> -----> U|S> 

0.  A state of a physical system corresponds to a unit 
vector |S> in a complex vector space.

2. If |S> = z  |1> + z  |2> + ... + z   |n>

in a measurement basis {|1>,|2>,...,|n>}, then
measurement of |S> yields |i> with probability

 |z |^2.
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It follows from this calculation that the question of computing the bracket poly-
nomial for the closure of the three-strand braid b is mathematically equivalent to
the problem of computing the trace of the unitary matrix Φ(b).

The Hadamard Test
In order to (quantum) compute the trace of a unitary matrix U , one can use

the Hadamard test to obtain the diagonal matrix elements ⟨ψ|U |ψ⟩ of U. The trace
is then the sum of these matrix elements as |ψ⟩ runs over an orthonormal basis for
the vector space. We first obtain

1

2
+

1

2
Re⟨ψ|U |ψ⟩

as an expectation by applying the Hadamard gate H

H |0⟩ =
1√
2
(|0⟩ + |1⟩)

H |1⟩ =
1√
2
(|0⟩ − |1⟩)

to the first qubit of

CU ◦ (H ⊗ 1)|0⟩|ψ⟩ =
1√
2
(|0⟩ ⊗ |ψ⟩ + |1⟩ ⊗ U |ψ⟩.

Here CU denotes controlled U, acting as U when the control bit is |1⟩ and the
identity mapping when the control bit is |0⟩. We measure the expectation for the
first qubit |0⟩ of the resulting state

1

2
(H |0⟩ ⊗ |ψ⟩ + H |1⟩ ⊗ U |ψ⟩) =

1

2
((|0⟩ + |1⟩) ⊗ |ψ⟩ + (|0⟩ − |1⟩) ⊗ U |ψ⟩)

=
1

2
(|0⟩ ⊗ (|ψ⟩ + U |ψ⟩) + |1⟩ ⊗ (|ψ⟩ − U |ψ⟩)).

This expectation is

1

2
(⟨ψ| + ⟨ψ|U †)(|ψ⟩ + U |ψ⟩) =

1

2
+

1

2
Re⟨ψ|U |ψ⟩.

The imaginary part is obtained by applying the same procedure to

1√
2
(|0⟩ ⊗ |ψ⟩ − i|1⟩ ⊗ U |ψ⟩

This is the method used in [1], and the reader may wish to contemplate its efficiency
in the context of this simple model. Note that the Hadamard test enables this
quantum computation to estimate the trace of any unitary matrix U by repeated
trials that estimate individual matrix entries ⟨ψ|U |ψ⟩. We shall return to quantum
algorithms for the Jones polynomial and other knot polynomials in a subsequent
paper.

Apply Hadamard Gate

to first qubit of
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The resulting state is
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The expectation for |0> is
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This is the method used in [1], and the reader may wish to contemplate its efficiency
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quantum computation to estimate the trace of any unitary matrix U by repeated
trials that estimate individual matrix entries ⟨ψ|U |ψ⟩. We shall return to quantum
algorithms for the Jones polynomial and other knot polynomials in a subsequent
paper.

The imaginary part is obtained by applying the 
same procedure to

May 16, 2010 0:40 WSPC/INSTRUCTION FILE QITTJMP

Instructions for Typing Manuscripts (Paper’s Title) 37

It follows from this calculation that the question of computing the bracket poly-
nomial for the closure of the three-strand braid b is mathematically equivalent to
the problem of computing the trace of the unitary matrix Φ(b).

The Hadamard Test
In order to (quantum) compute the trace of a unitary matrix U , one can use

the Hadamard test to obtain the diagonal matrix elements ⟨ψ|U |ψ⟩ of U. The trace
is then the sum of these matrix elements as |ψ⟩ runs over an orthonormal basis for
the vector space. We first obtain

1

2
+

1

2
Re⟨ψ|U |ψ⟩

as an expectation by applying the Hadamard gate H

H |0⟩ =
1√
2
(|0⟩ + |1⟩)

H |1⟩ =
1√
2
(|0⟩ − |1⟩)

to the first qubit of

CU ◦ (H ⊗ 1)|0⟩|ψ⟩ =
1√
2
(|0⟩ ⊗ |ψ⟩ + |1⟩ ⊗ U |ψ⟩.

Here CU denotes controlled U, acting as U when the control bit is |1⟩ and the
identity mapping when the control bit is |0⟩. We measure the expectation for the
first qubit |0⟩ of the resulting state

1

2
(H |0⟩ ⊗ |ψ⟩ + H |1⟩ ⊗ U |ψ⟩) =

1

2
((|0⟩ + |1⟩) ⊗ |ψ⟩ + (|0⟩ − |1⟩) ⊗ U |ψ⟩)

=
1

2
(|0⟩ ⊗ (|ψ⟩ + U |ψ⟩) + |1⟩ ⊗ (|ψ⟩ − U |ψ⟩)).

This expectation is

1

2
(⟨ψ| + ⟨ψ|U †)(|ψ⟩ + U |ψ⟩) =

1

2
+

1

2
Re⟨ψ|U |ψ⟩.

The imaginary part is obtained by applying the same procedure to

1√
2
(|0⟩ ⊗ |ψ⟩ − i|1⟩ ⊗ U |ψ⟩

This is the method used in [1], and the reader may wish to contemplate its efficiency
in the context of this simple model. Note that the Hadamard test enables this
quantum computation to estimate the trace of any unitary matrix U by repeated
trials that estimate individual matrix entries ⟨ψ|U |ψ⟩. We shall return to quantum
algorithms for the Jones polynomial and other knot polynomials in a subsequent
paper.

)



Note that if U|psi> = Lambda |psi> then
<psi|U|psi> = Lambda. 

So the Hadamard test allows one to 
determine Lambda (a complex number) 

to any desired degree of accuracy.

Thus the Hadamard Test allows the 
determination of eigenvalues of 

a unitary transformtion.

A refinement of this procedure, due to 
Alexei Kitaev, is called the 

Phase Estimation Algorithm.





[16], and Bar-Natan’s emphasis on tangle cobordisms [2]. We use similar considera-

tions in our paper [10].

Two key motivating ideas are involved in finding the Khovanov invariant. First

of all, one would like to categorify a link polynomial such as ⟨K⟩. There are many
meanings to the term categorify, but here the quest is to find a way to express the link

polynomial as a graded Euler characteristic ⟨K⟩ = χq⟨H(K)⟩ for some homology
theory associated with ⟨K⟩.

The bracket polynomial [7] model for the Jones polynomial [4, 5, 6, 17] is usually

described by the expansion

⟨ ⟩ = A⟨ ⟩ + A−1⟨ ⟩ (4)

and we have

⟨K ⃝⟩ = (−A2 − A−2)⟨K⟩ (5)

⟨ ⟩ = (−A3)⟨ ⟩ (6)

⟨ ⟩ = (−A−3)⟨ ⟩ (7)

Letting c(K) denote the number of crossings in the diagramK, if we replace ⟨K⟩
by A−c(K)⟨K⟩, and then replace A by −q−1, the bracket will be rewritten in the fol-
lowing form:

⟨ ⟩ = ⟨ ⟩ − q⟨ ⟩ (8)

with ⟨⃝⟩ = (q+q−1). It is useful to use this form of the bracket state sum for the sake
of the grading in the Khovanov homology (to be described below). We shall continue

to refer to the smoothings labeled q (or A−1 in the original bracket formulation) as

B-smoothings. We should further note that we use the well-known convention of en-
hanced states where an enhanced state has a label of 1 or X on each of its component

loops. We then regard the value of the loop q + q−1 as the sum of the value of a circle

labeled with a 1 (the value is q) added to the value of a circle labeled with an X (the

value is q−1).We could have chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of

labeling from the beginning.
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Bracket Polynomial Model 
for the Jones Polynomial
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The form of the 
expansion is the 

same as 
a loop expansion 

of the Potts 
model, 

where the loops 
are 

boundaries of 
regions of 

constant spin.
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The Khovanov  Cubical Organization of Bracket 
States



We make a Hilbert space whose basis is a set of
(enhanced) states of the bracket polynomial for a 

given knot diagram K.
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Let c(K) = number of crossings on link K.

Form A       <K> and replace A     by -q    .
-c(K)

Then the skein relation for <K> will 
be replaced by:
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Reformulating the Bracket

-2



Enhanced states label each loop with
 +1 or  -1.

= +

+1 -1

q  +  q
-1



+

-

+

+

+

-

-

-

q

1

1

q

2

-2

(q + q    )-1 2

Enhanced States 
circumvent the binomial 

theorem.
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1
An enhanced state
that contributes

[(q)(q)(1/q)] [(-q) (-q) (-q)]

to the revised 
bracket state sum.

1 1 -1 B B B



and

j(∂|s⟩) = j(|s⟩)

for each enhanced state s. In the next section, we shall explain how the boundary operator
is constructed.

2. Lemma. By defining U : C(K) −→ C(K) as in the previous section, via

U |s⟩ = (−1)i(s)qj(s)|s⟩,

we have the following basic relationship between U and the boundary operator ∂ :

U∂ + ∂U = 0.

Proof. This follows at once from the definition of U and the fact that ∂ preserves j and
increases i to i + 1. //

3. From this Lemma we conclude that the operator U acts on the homology of C(K). We
can regard H(C(K)) = Ker(∂)/Image(∂) as a new Hilbert space on which the unitary
operator U acts. In this way, the Khovanov homology and its relationship with the Jones

polynomial has a natural quantum context.

4. For a fixed value of j,
C•,j = ⊕iCi,j

is a subcomplex of C(K) with the boundary operator ∂. Consequently, we can speak of
the homology H(C•,j). Note that the dimension of Cij is equal to the number of enhanced

states |s⟩ with i = i(s) and j = j(s). Consequently, we have

⟨K⟩ =
!

s

qj(s)(−1)i(s) =
!

j

qj
!

i

(−1)idim(Cij)

=
!

j

qjχ(C•,j) =
!

j

qjχ(H(C•,j)).

Here we use the definition of the Euler characteristic of a chain complex
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A Quantum Statistical Model for the Bracket 
Polynonmial.

Let C(K) denote a Hilbert space
with basis |s> where s runs over the 

enhanced states of a knot or link diagram K.

One advantage of the expression of the bracket polynomial via enhanced states is that it is

now a sum of monomials. We shall make use of this property throughout the rest of the paper.

3 Quantum Statistics and the Jones Polynomial

We now use the enhanced state summation for the bracket polynomial with variable q to give a
quantum formulation of the state sum. Let q be on the unit circle in the complex plane. (This is
equivalent to letting the original bracket variable A be on the unit circle and equivalent to letting

the Jones polynmial variable t be on the unit circle.) Let C(K) denote the complex vector space
with orthonormal basis {|s⟩ }where s runs over the enhanced states of the diagramK. The vector
space C(K) is the (finite dimensional) Hilbert space for our quantum formulation of the Jones

polynomial. While it is customary for a Hilbert space to be written with the letter H, we do not
follow that convention here, due to the fact that we shall soon regard C(K) as a chain complex
and take its homology. One can hardly avoid usingH for homology.

With q on the unit circle, we define a unitary transformation

U : C(K) −→ C(K)

by the formula

U |s⟩ = (−1)i(s)qj(s)|s⟩

for each enhanced state s. Here i(s) and j(s) are as defined in the previous section of this paper.

Let

|ψ⟩ =
!

s

|s⟩.

The state vector |ψ⟩ is the sum over the basis states of our Hilbert space C(K). For convenience,
we do not normalize |ψ⟩ to length one in the Hilbert space C(K).We then have the

Lemma. The evaluation of the bracket polynomial is given by the following formula

⟨K⟩ = ⟨ψ|U |ψ⟩.

Proof.

⟨ψ|U |ψ⟩ =
!

s′

!

s

⟨s′|(−1)i(s)qj(s)|s⟩ =
!

s′

!

s

(−1)i(s)qj(s)⟨s′|s⟩

=
!

s

(−1)i(s)qj(s) = ⟨K⟩,

since

⟨s′|s⟩ = δ(s, s′)

where δ(s, s′) is the Kronecker delta, equal to 1 when s = s′ and equal to 0 otherwise. //
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complex plane.

We define a unitary transformation.
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Jones polynomial (via Hadamard Test).

<K> = Trace(U).



We interpreted the bracket polynomial as a quantum 
amplitude by making a Hilbert space C(K) whose basis is 

the collection of enhanced states of the bracket.

This space C(K) is naturally intepreted as the 
chain space for the Khovanov homology 
associated with the bracket polynomial. 

The homology and the unitary transformation U
speak to one another via the formula
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and

j(∂|s⟩) = j(|s⟩)

for each enhanced state s. In the next section, we shall explain how the boundary operator
is constructed.

2. Lemma. By defining U : C(K) −→ C(K) as in the previous section, via

U |s⟩ = (−1)i(s)qj(s)|s⟩,

we have the following basic relationship between U and the boundary operator ∂ :

U∂ + ∂U = 0.

Proof. This follows at once from the definition of U and the fact that ∂ preserves j and
increases i to i + 1. //

3. From this Lemma we conclude that the operator U acts on the homology of C(K). We
can regard H(C(K)) = Ker(∂)/Image(∂) as a new Hilbert space on which the unitary
operator U acts. In this way, the Khovanov homology and its relationship with the Jones

polynomial has a natural quantum context.

4. For a fixed value of j,
C•,j = ⊕iCi,j

is a subcomplex of C(K) with the boundary operator ∂. Consequently, we can speak of
the homology H(C•,j). Note that the dimension of Cij is equal to the number of enhanced

states |s⟩ with i = i(s) and j = j(s). Consequently, we have

⟨K⟩ =
!

s

qj(s)(−1)i(s) =
!

j

qj
!

i

(−1)idim(Cij)

=
!

j

qjχ(C•,j) =
!

j

qjχ(H(C•,j)).

Here we use the definition of the Euler characteristic of a chain complex

χ(C•,j) =
!

i

(−1)idim(Cij)

and the fact that the Euler characteristic of the complex is equal to the Euler characteristic

of its homology. The quantum amplitude associated with the operator U is given in terms

of the Euler characteristics of the Khovanov homology of the linkK.

⟨K⟩ = ⟨ψ|U |ψ⟩ =
!

j

qjχ(H(C•,j(K))).
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Khovanov Homology - Jones Polynomial as an
Euler Characteristic[16], and Bar-Natan’s emphasis on tangle cobordisms [2]. We use similar considera-

tions in our paper [10].

Two key motivating ideas are involved in finding the Khovanov invariant. First

of all, one would like to categorify a link polynomial such as ⟨K⟩. There are many
meanings to the term categorify, but here the quest is to find a way to express the link

polynomial as a graded Euler characteristic ⟨K⟩ = χq⟨H(K)⟩ for some homology
theory associated with ⟨K⟩.

The bracket polynomial [7] model for the Jones polynomial [4, 5, 6, 17] is usually

described by the expansion

⟨ ⟩ = A⟨ ⟩ + A−1⟨ ⟩ (4)

and we have

⟨K ⃝⟩ = (−A2 − A−2)⟨K⟩ (5)

⟨ ⟩ = (−A3)⟨ ⟩ (6)

⟨ ⟩ = (−A−3)⟨ ⟩ (7)

Letting c(K) denote the number of crossings in the diagramK, if we replace ⟨K⟩
by A−c(K)⟨K⟩, and then replace A by −q−1, the bracket will be rewritten in the fol-
lowing form:

⟨ ⟩ = ⟨ ⟩ − q⟨ ⟩ (8)

with ⟨⃝⟩ = (q+q−1). It is useful to use this form of the bracket state sum for the sake
of the grading in the Khovanov homology (to be described below). We shall continue

to refer to the smoothings labeled q (or A−1 in the original bracket formulation) as

B-smoothings. We should further note that we use the well-known convention of en-
hanced states where an enhanced state has a label of 1 or X on each of its component

loops. We then regard the value of the loop q + q−1 as the sum of the value of a circle

labeled with a 1 (the value is q) added to the value of a circle labeled with an X (the

value is q−1).We could have chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of

labeling from the beginning.

5

We will formulate Khovanov 
Homology

in the context of our quantum 
statistical model for the bracket 

polynomial.



with a 1 (the value is q) added to the value of a circle labeled with anX (the value is q−1).We could have
chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of labeling from the

beginning.

To see how the Khovanov grading arises, consider the form of the expansion of this version of the

bracket polynonmial in enhanced states. We have the formula as a sum over enhanced states s :

⟨K⟩ =
!

s

(−1)nB(s)qj(s)

where nB(s) is the number of B-type smoothings in s, λ(s) is the number of loops in s labeled 1 minus
the number of loops labeled X, and j(s) = nB(s) + λ(s). This can be rewritten in the following form:

⟨K⟩ =
!

i ,j

(−1)iqjdim(Cij)

where we define Cij to be the linear span (over k = Z/2Z as we will work with mod 2 coefficients) of
the set of enhanced states with nB(s) = i and j(s) = j. Then the number of such states is the dimension
dim(Cij).

We would like to have a bigraded complex composed of the Cij with a differential

∂ : Cij −→ Ci+1 j .

The differential should increase the homological grading i by 1 and preserve the quantum grading j. Then
we could write

⟨K⟩ =
!

j

qj
!

i

(−1)idim(Cij) =
!

j

qjχ(C• j),

where χ(C• j) is the Euler characteristic of the subcomplex C• j for a fixed value of j.

This formula would constitute a categorification of the bracket polynomial. Below, we shall see how the

original Khovanov differential ∂ is uniquely determined by the restriction that j(∂s) = j(s) for each
enhanced state s. Since j is preserved by the differential, these subcomplexes C• j have their own Euler

characteristics and homology. We have

χ(H(C• j)) = χ(C• j)

where H(C• j) denotes the homology of the complex C• j . We can write

⟨K⟩ =
!

j

qjχ(H(C• j)).

The last formula expresses the bracket polynomial as a graded Euler characteristic of a homology theory

associated with the enhanced states of the bracket state summation. This is the categorification of the

bracket polynomial. Khovanov proves that this homology theory is an invariant of knots and links (via the

Reidemeister moves of Figure 1), creating a new and stronger invariant than the original Jones polynomial.
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= number of +1 loops minus number of -1 loops.

C ij = module generated by enhanced states 
with i =n   and j as above.B

and

j(∂|s⟩) = j(|s⟩)

for each enhanced state s. In the next section, we shall explain how the boundary operator
is constructed.

2. Lemma. By defining U : C(K) −→ C(K) as in the previous section, via

U |s⟩ = (−1)i(s)qj(s)|s⟩,

we have the following basic relationship between U and the boundary operator ∂ :

U∂ + ∂U = 0.

Proof. This follows at once from the definition of U and the fact that ∂ preserves j and
increases i to i + 1. //

3. From this Lemma we conclude that the operator U acts on the homology of C(K). We
can regard H(C(K)) = Ker(∂)/Image(∂) as a new Hilbert space on which the unitary
operator U acts. In this way, the Khovanov homology and its relationship with the Jones
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and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of labeling from the
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where χ(C• j) is the Euler characteristic of the subcomplex C• j for a fixed value of j.

This formula would constitute a categorification of the bracket polynomial. Below, we shall see how the

original Khovanov differential ∂ is uniquely determined by the restriction that j(∂s) = j(s) for each
enhanced state s. Since j is preserved by the differential, these subcomplexes C• j have their own Euler
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qjχ(H(C• j)).

The last formula expresses the bracket polynomial as a graded Euler characteristic of a homology theory

associated with the enhanced states of the bracket state summation. This is the categorification of the

bracket polynomial. Khovanov proves that this homology theory is an invariant of knots and links (via the

Reidemeister moves of Figure 1), creating a new and stronger invariant than the original Jones polynomial.
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and

j(∂|s⟩) = j(|s⟩)

for each enhanced state s. In the next section, we shall explain how the boundary operator
is constructed.

2. Lemma. By defining U : C(K) −→ C(K) as in the previous section, via

U |s⟩ = (−1)i(s)qj(s)|s⟩,

we have the following basic relationship between U and the boundary operator ∂ :

U∂ + ∂U = 0.

Proof. This follows at once from the definition of U and the fact that ∂ preserves j and
increases i to i + 1. //

3. From this Lemma we conclude that the operator U acts on the homology of C(K). We
can regard H(C(K)) = Ker(∂)/Image(∂) as a new Hilbert space on which the unitary
operator U acts. In this way, the Khovanov homology and its relationship with the Jones

polynomial has a natural quantum context.

4. For a fixed value of j,
C•,j = ⊕iCi,j

is a subcomplex of C(K) with the boundary operator ∂. Consequently, we can speak of
the homology H(C•,j). Note that the dimension of Cij is equal to the number of enhanced

states |s⟩ with i = i(s) and j = j(s). Consequently, we have

⟨K⟩ =
!

s

qj(s)(−1)i(s) =
!

j

qj
!

i

(−1)idim(Cij)

=
!

j

qjχ(C•,j) =
!

j

qjχ(H(C•,j)).

Here we use the definition of the Euler characteristic of a chain complex

χ(C•,j) =
!

i

(−1)idim(Cij)

and the fact that the Euler characteristic of the complex is equal to the Euler characteristic

of its homology. The quantum amplitude associated with the operator U is given in terms

of the Euler characteristics of the Khovanov homology of the linkK.

⟨K⟩ = ⟨ψ|U |ψ⟩ =
!

j

qjχ(H(C•,j(K))).
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Eigenspace Picture

be a unitary operator that satisfies the equation U∂+∂U = 0.We do not assume a second grading
j as occurs in the Khovanov homology. However, since U is unitary, it follows [22] that there is a

basis for C in which U is diagonal. Let B = {|s⟩} denote this basis. Let λs denote the eigenvalue

of U corresponding to |s⟩ so that U |s⟩ = λs|s⟩. Let αs,s′ be the matrix element for ∂ so that

∂|s⟩ =
!

s′
αs,s′|s′⟩

where s′ runs over a set of basis elements so that i(s′) = i(s) + 1.

Lemma. With the above conventions, we have that for |s′⟩ a basis element such that αs,s′ ̸= 0
then λs′ = −λs.

Proof. Note that

U∂|s⟩ = U(
!

s′
αs,s′|s′⟩) =

!

s′
αs,s′λs′|s′⟩

while

∂U |s⟩ = ∂λs|s⟩ =
!

s′
αs,s′λs|s′⟩.

Since U∂+∂U = 0, the conclusion of the Lemma follows from the independence of the elements
in the basis for the Hilbert space. //

In this way we see that eigenvalues will propagate forward from C0 with alternating signs ac-

cording to the appearance of successive basis elements in the boundary formulas for the chain

complex. Various states of affairs are possible in general, with new eigenvaluues starting at some

Ck for k > 0. The simplest state of affairs would be if all the possible eigenvalues (up to multi-
plication by −1) for U occurred in C0 so that

C0 = ⊕λC0
λ

where λ runs over all the distinct eigenvalues of U restricted to C0, and C0
λ is spanned by all

|s⟩ in C0 with U |s⟩ = λ|s⟩. Let us take the further assumption that for each λ as above, the
subcomplexes

C•
λ : C0

λ −→ C1
−λ −→ C2

+λ −→ · · · Cn
(−1)nλ

have C = ⊕λC•
λ as their direct sum. With this assumption about the chain complex, define

|ψ⟩ =
"

s |s⟩ as before, with |s⟩ running over the whole basis for C. Then it follows just as in the
beginning of this section that

⟨ψ|U |ψ⟩ =
!

λ

λχ(H(C•
λ)).

Here χ denotes the Euler characteristic of the homology. The point is, that this formula for

⟨ψ|U |ψ⟩ takes exactly the form we had for the special case of Khovanov homology (with eigen-
values (−1)iqj), but here the formula occurs just in terms of the eigenspace decomposition of the

unitary transformation U in relation to the chain complex. Clearly there is more work to be done

here and we will return to it in a subsequent paper.
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We have interpreted the bracket polynomial as a 
quantum amplitude by making a Hilbert space C(K) 

whose basis is the collection of enhanced states of the 
bracket.

This space C(K) is naturally intepreted as the 
chain space for the Khovanov homology 
associated with the bracket polynomial. 

The homology and the unitary transformation U
speak to one another via the formula

One advantage of the expression of the bracket polynomial via enhanced states is that it is

now a sum of monomials. We shall make use of this property throughout the rest of the paper.

3 Quantum Statistics and the Jones Polynomial

We now use the enhanced state summation for the bracket polynomial with variable q to give a
quantum formulation of the state sum. Let q be on the unit circle in the complex plane. (This is
equivalent to letting the original bracket variable A be on the unit circle and equivalent to letting

the Jones polynmial variable t be on the unit circle.) Let C(K) denote the complex vector space
with orthonormal basis {|s⟩ }where s runs over the enhanced states of the diagramK. The vector
space C(K) is the (finite dimensional) Hilbert space for our quantum formulation of the Jones

polynomial. While it is customary for a Hilbert space to be written with the letter H, we do not
follow that convention here, due to the fact that we shall soon regard C(K) as a chain complex
and take its homology. One can hardly avoid usingH for homology.

With q on the unit circle, we define a unitary transformation

U : C(K) −→ C(K)

by the formula

U |s⟩ = (−1)i(s)qj(s)|s⟩

for each enhanced state s. Here i(s) and j(s) are as defined in the previous section of this paper.

Let

|ψ⟩ =
!

s

|s⟩.

The state vector |ψ⟩ is the sum over the basis states of our Hilbert space C(K). For convenience,
we do not normalize |ψ⟩ to length one in the Hilbert space C(K).We then have the

Lemma. The evaluation of the bracket polynomial is given by the following formula

⟨K⟩ = ⟨ψ|U |ψ⟩.

Proof.

⟨ψ|U |ψ⟩ =
!

s′

!

s

⟨s′|(−1)i(s)qj(s)|s⟩ =
!

s′

!

s

(−1)i(s)qj(s)⟨s′|s⟩

=
!

s

(−1)i(s)qj(s) = ⟨K⟩,

since

⟨s′|s⟩ = δ(s, s′)

where δ(s, s′) is the Kronecker delta, equal to 1 when s = s′ and equal to 0 otherwise. //

4

and

j(∂|s⟩) = j(|s⟩)

for each enhanced state s. In the next section, we shall explain how the boundary operator
is constructed.

2. Lemma. By defining U : C(K) −→ C(K) as in the previous section, via

U |s⟩ = (−1)i(s)qj(s)|s⟩,

we have the following basic relationship between U and the boundary operator ∂ :

U∂ + ∂U = 0.

Proof. This follows at once from the definition of U and the fact that ∂ preserves j and
increases i to i + 1. //

3. From this Lemma we conclude that the operator U acts on the homology of C(K). We
can regard H(C(K)) = Ker(∂)/Image(∂) as a new Hilbert space on which the unitary
operator U acts. In this way, the Khovanov homology and its relationship with the Jones

polynomial has a natural quantum context.

4. For a fixed value of j,
C•,j = ⊕iCi,j

is a subcomplex of C(K) with the boundary operator ∂. Consequently, we can speak of
the homology H(C•,j). Note that the dimension of Cij is equal to the number of enhanced

states |s⟩ with i = i(s) and j = j(s). Consequently, we have

⟨K⟩ =
!

s

qj(s)(−1)i(s) =
!

j

qj
!

i

(−1)idim(Cij)

=
!

j

qjχ(C•,j) =
!

j

qjχ(H(C•,j)).

Here we use the definition of the Euler characteristic of a chain complex

χ(C•,j) =
!

i

(−1)idim(Cij)

and the fact that the Euler characteristic of the complex is equal to the Euler characteristic

of its homology. The quantum amplitude associated with the operator U is given in terms

of the Euler characteristics of the Khovanov homology of the linkK.

⟨K⟩ = ⟨ψ|U |ψ⟩ =
!

j

qjχ(H(C•,j(K))).
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SUMMARY



Questions

We have shown how Khovanov homology fits
into the context of quantum information related to

the Jones polynomial and how the polynomial is
replaced in this context by a unitary transformation U

on the Hilbert space of the model.  This transformation U
acts on the homology, and its eigenspaces give a natural
decomposition of the homology that is related to the 

quantum amplitude corresponding to the Jones polynomial.
The states of the model are 
combinatorial, related to the 

representation of the knot or link.

How can this formulation be used in 
quantum information theory and in 

statistical mechanics?!



Quantum Computation of 
Khovanvov Homology?





Note that, in this LLoyd et al Algorithm, 
one does not get the eigenvectors 
directly, but the dimensions of the 

eigenspaces can be estimated via the 
statistics of measurement.

Is this the future of link homology?



































Thank you for your attention!




